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Abstract—In this paper, we consider the problem of distributed
beamforming for maximization of the receiver signal-to-noise-
ratio (SNR) subject to a total transmit power constraint. We
investigate the case where the optimal beamforming weights
are expressed based on the second-order statistics of the in-
volved channels, while the communication among the relays
is interference-limited. In this context, we propose a relay-
cooperative scheme for interference minimization, where only
a limited number of correlation quantities are sent to the
fusion center (FC). We propose a technique which overcomes
the problem of the incomplete covariance matrices via matrix
completion. Through simulation results, we show that, after a
number of iterations, the proposed technique converges to the
true covariance matrices and thus the optimal beamformer may
be computed.

I. INTRODUCTION

Cooperative communications are increasingly utilized by
modern wireless networks, as well as their forthcoming next
generations. In particular, they are capable of providing in-
creased spectral efficiency and reliability by exploiting the,
so-called, spatial diversity. This is achieved through the use of
relays that support information exchange between source and
destination nodes by creating multiple transmission paths [1].
Although, cooperative communications were initially consid-
ered for providing spatial diversity to single antenna terminals
[2], nowadays, their application is extended to more general
cases and scenarios like in multi-point [3] and multi-tier [4]
coordination and the simultaneous transfer of information and
energy [5]. Cooperative techniques are becoming even more
important when considering the new demanding characteristics
of modern wireless networks aiming at, among other, very
large data rates and lower delays that should be provided, at
the same time, to many communication nodes [4].

It is evident, from the above, that a modern wireless net-
work constitutes a heterogeneous environment where devices,
with different power budgets, should be able to, on the one
hand, communicate efficiently (in terms of energy, increased
operational lifetime etc.) and, on the other hand, establish
interference-free links that operate in spatial proximity and
concurrently in time and frequency, for increased capacity.
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To this end, beamforming techniques, initially proposed for
multi-antenna nodes, can be utilized in order to improve the
power efficiency of transmissions or to mitigate interference.
However, the application of such techniques, especially in the
case of single-antenna terminals, is challenging and requires
cooperative systems employing multiple relays. In the relevant
literature of the so-called distributed beamforming techniques,
[6], [7] propose beamforming weights utilizing known second-
order statistics of the channels and [8] assumes knowledge of
channel state information. In [9], a blind approach is proposed
along with a distributed algorithm for the calculation of the
beamforming coefficients assuming perfect communication
among relays.

In this paper, we consider the problem of distributed beam-
forming for maximization of the receiver signal-to-noise-ratio
(SNR) subject to a total transmit power constraint. The blind
technique of [9] is adopted in order to estimate the second-
order statistics of the channels in an adaptive manner, at
the fusion center (FC). Instead of gathering all the received
samples by the relays to the FC, we consider the case where
a limited number of relays can establish interference-free
communication links. Once these relays compute their correla-
tion between their received samples, the computed quantities
are forwarded to the FC. To overcome the problem of the
partial knowledge of the correlation matrix, we propose a low-
complexity technique based on matrix completion. Through
simulation results, we show that, after a number of iterations,
the proposed technique converges to the true second-order
statistics.

Notation: © denotes the Hadamard (element-wise) prod-
uct; P(-) denotes the maximum eigenvector of the matrix
argument; diag(x) denotes the diagonal matrix which is
constructed based on the vector x.

II. PROBLEM FORMULATION
A. System Model

We consider a wireless network in which a source node S
communicates with a destination node D using K relaying
nodes Ry,k = 1,...,K, as demonstrated in Fig. 1. We
focus on flat fading channels, where the channel between the
transmitter and the k-th relay is denoted as fi, while the
channel between the k-th relay and the receiver is denoted
as gr. We assume that all nodes are perfectly synchronized
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Fig. 1. A relay network in which a source node communicates with a
destination node using K relaying nodes.

and that the transmitter cannot communicate with the receiver
directly. Additionally, an Orthogonal Amplity and Forward
(Orthogonal AF - OAF) protocol [2] is employed in half-
duplex mode; namely, at the first time slot, the transmitter
broadcasts to the relays while, at the second time slot, the
relays amplify and transmit the signal to the receiver.

In the following, we develop a model similar to that of [6]
and [7]. In particular, we consider that during the first time
slot of the OAF protocol, the transmitter broadcasts the signal
so to the relays with power F. Then, relay k, receives

Yk = frso + e, k=1,2,... K, 1D

where 7, denotes complex zero-mean additive-white Gaussian
noise (AWGN) at the k-th relay with variance 072,. During
the second time slot of the OAF protocol, the k-th relay
amplifies y, by multiplying it by the beamforming weight
coefficient wy,. Therefore, the K relays forward their signal to
the destination and the following signal is received

K K
2= (wrfrgr)so + Y (wigk)mk + v, @)

k=1 k=1

where v denotes zero-mean AWGN at the destination with
variance o>
We consider the problem of the optimum relay beamforming
weights which maximize the SNR at the destination, subject
to a constraint on the maximum allowable total transmit power
of the relays FP,,q,. This optimization problem can be written
as
wHRw
max

H
. m st. wDw S Pm,u (3)

where w = [wy,...,wx]T € CK is the beamforming vector,
R is the correlation matrix of the single-input-multiple-output
(SIMO) channel between the transmitter and the relays, i.e.

R2 (fog)fog =f"0gg? €))

where f = [f1 ... fx]T and g = [g1 ... gx|T. The matrix G £
U%ggH represents the correlation matrix of the multiple-input
single-output (MISO) channel from the relays to destination.
The diagonal matrix D is defined as

D £ diag([| 1] ... |fx|?) + o2l (5)

Following the methodology of [6], the solution of (3) is given
by the closed form expression

Wopt = D™1/2P {(U?LI + G)*lﬁ} , (©6)
where R = D™Y/2RD~1/2 and G = D~ Y/2GD~1/2,

B. Interference model for the inter-relay cooperation

We assume that the relays are able to communicate with
each other in order to cooperatively obtain the beamforming
vector. Conventionally, the cooperative computation of the
beamforming vector assumes perfect communication among
the relays [7]. However, in a more realistic scenario, where
the relay network operates within a cellular system, the neigh-
boring clusters would not be perfectly isolated and thus, inter-
cluster interference may result in performance degradation.

In this work, we consider that the degradation of the inter-
relay communication occurs due to structured interference,
expressed according to the following model

2k =Y + ik + N @)

where zj, is received signal at the k-th relay, the y; is the
transmitted signal from the collaborating [-th relay, #; is the
interference and 771; is the AWGN. Furthermore, we assume
that a group of relays may operate in low signal-to-noise-ratio
(SNR) regimes. In these cases, the structured interference is
negligible compared to the AWGN [10], and hence, ¢;, can be
considered as part of the AWGN. Hence, for communication
links between relays operating in low SNR, we have that

Ze =y + M ®)
where 7, ~ . It must be emphasized that, this work
investigates the impact of the interference into the estimation
of the correlation quantities, thus some assumptions are made
in order to focus on the proposed method. Specifically, a more
general interference model may include the modeling of the
channel fading (e.g. Ricean) for the communication between
the relays. However, such a generalized channel model could
be easily incorporated into our proposed approach, extending
this current work. Moreover, in order to simplify our model,
the introduced interference is isolated on the AF process, i.e.
the interference is considered negligible at the source S and
destination D nodes.

C. A blind scheme for estimating the second-order channel
statistics

In [9], a blind technique, for the estimation of the covariance
matrices R, G and D, has been proposed. For this purpose,
an amount of information is required to be transmitted from
the source and the destination nodes to the relays, which
suggests that the source S and the destination D nodes have
interchanged their role.

We assume that at the time instant ¢, the relays have received
from the source and the destination nodes the signals y*(¢) and
y@(t) respectively, i..

y*(t) = fs(t) + n*(t) )
y(t) = gd(t) + n(t). (10)
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The signals s(¢) and d(t), which have been transmitted
from the source and the destination nodes, are i.i.d. with
E{|s(t)]?} = E{|ld(t)|*} = 1. Moreover, f and g are
the source-to-relays and the destination-to-relays channels in
vector form and 1°(t) and n%(t) are the zero-mean AWGN
with variance 03,. Note that, the time index ¢ is not directly
related with the AF time slots, but rather represents the instant
where the FC has gather all the necessary information from
the relays, in order to update the beamforming vector.

In the case where the relays transmit their received signals
to the FC without any introduced distortion, and for ¢ — oo,
we have that [9],

R~ Z P (y*(n) 0y () (y* (n) © y4(n)H fof,I

n=1 Cr(n)
(1)
Grop) Pyl (y? ()" —oll (12)
n=1 Con)
t
D ~ diag | > p' "y (n)(y*(n)" | - o2l (13)
n=1 e

CD(n)

where p is the weighting parameter, while the matrices Cg(n),
Cc(n), Cp(n) are the rank-one updates for each time instant.

IT1I. PROPOSED APPROACH

We assume that the relays have equivalent processing ca-
pabilities, and hence, we could select randomly one of them
as the fusion center (FC). Of course, the selection of the FC
can periodically change, in order to distribute the burden for
computation (and power) among all the relays.

In order to derive the optimal beamforming vector (given
by eq. (6)), the FC must know the involved matrices D, R
and G. A straightforward method would be that, each relay
to transmit its own received signal to the FC, i.e.

2k =Yk + ik + Nk (14)

where 7,7 represent the introduced interference and the
AWGN, respectively, at the FC.

It is important to note here that, the computation of the
correlation between these distorted signals will introduce a
noise term, e.g. for the computation of the entries [G]y,; of
matrix G we have that

Gl = E{zkz[} = wry] + E{ini] }, Yk, 1 € {1,..., K}
5)
where we assume that, the interference terms may be corre-
lated, ie. E{ixif} # 0. This is true, since the interference
that impacts the reception of each relay may be produced
by the same interferer, i.e. z;, and z; may contain the same
interference.
In this scenario, it is beneficiary to transmit directly the
correlation quantities to the FC, instead of the received
samples. For instance, let us assume that y,y;" is transmitted

to the FC, then the received signal is zj, = yry; + ik + Mk,
and thus, for the computation of matrix G we have that

(Glea = E{yryl + ik +met = Edyy;'} (16)
where the last equality follows from the assumption that the
introduced distortion is zero-mean. Based on this observation,
we consider the scenario where, a number of relays exchange
their received signals, and hence, compute their correlation.
Afterwards, the computed correlation quantities are send to
the FC.

To illustrate the proposed idea, we represent the relay
network via an undirected connected graph G(N, Q). The set
N ={1,2,..., K} denotes the nodes (relays), and the set
is a collection of edges (i, j), which indicates the collaborating
relays. Specifically, the edges of the graph represent the relays
which are operating into low SNR conditions, i.e. the intro-
duced interference is negligible in comparison to Gaussian
noise. At each time instant ¢, once each of these collaborating
relays have exchanged their signals and have computed their
correlation, they forward the outcomes to the FC. The FC
computes the sample-based average of the distorted correlation
quantities which has received, i.e.

Zhu(t) = (e (®)yi(®) (W (i)™ +if (1) + il t), A7)
26 (t) = YE () (b (8)* + i (1) + g (1), (18)

Zp ek (t) = YR (GR) " (8) + i (8) + P (1), (19)
where i(t), i{ (1), iP(t), nf(t), n(t) and nP(t) are the
respective interference and Gaussian noise terms. Next, the FC

computes the sample-based covariance matrices R(t), G(t)
and D(¢), i.e.

[Rli() = Z;zéz,kz(n), (20)
[Glia(t) = Z:IZ’G,M(”)’ @1
(D] (t) = Zijlzb,kk(n), (22)
where, for large t we have that Zo(R(t)) — Za(R),

Za(G(t)) — Za(GQ) and D(t) — D. The Zo(X) denotes
the matrix where its (4, j)-th component is equal to [X];; if
(,7) € Q and zero otherwise.

Nevertheless, although the aforementioned method elimi-
nates the interference which is introduced during the transmis-
sion of the correlation quantities to the FC, it also introduces
a number of unknown entries for the correlation matrices
R(t) and G(t). Specifically, only the correlation quantities
between the collaborating nodes can be computed, and hence,
the FC has a partial knowledge of the correlation matrices.
Concerning matrix D(%), recall that its entries are derived by
the auto-correlation of each relay’s received signal from the
transmitter.
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Algorithm 1 SVT-based Matrix Completion [12]

Algorithm 2 Completion of the rank-one matrix

1. fori=1,..., 4 do

2 X;=D;(Yi-1)

3: Y2 = Yi—l + 51.’[(2(0 - Xl)
4: end for

A. Rank-one matrix completion

In order to recover the missing entries of R(t) and G(t) at
the FC, matrix completion (MC) techniques can be employed
[11]. In short, MC refers to the procedure of recovering a low-
rank matrix from a sampling of its entries, which formally, can
be written as

m}én rank(X) subject to In(X) = Zo(C) (23)
where C € RE*E s the complete matrix, X is the optimiza-
tion matrix variable and rank(X) is the rank of the matrix X.
The problem (23) is NP-hard and to overcome this, in [12], it
has been proposed that the matrix completion problem (23) can
be approximately solved by the following convex optimization
problem,

1
min 7| X]|. + §||X||‘;L subject to Zn(X) = Zn(C)  (24)

where 7 > 0, via the two steps of the Algorithm 1 [12].
IX|l« = > €e(X) denotes the nuclear norm of the matrix
X, where (i (X) is the k-th singular value of the matrix.

The Step 1 of the Algorithm 1 describes the singular-value-
thresholding (SVT) operator. Specifically, let Y = UXV*
be considered as the singular value decomposition (SVD) of
a matrix Y, where U and V are matrices with orthonormal
columns. Then, the SVT operator is defined as

D,(Y) = U(diag({¢; - T}1§z‘§r))+VH

where r is the rank of the matrix Y.

The performance of the MC techniques is determined by the
rank of the unknown matrix. In particular, it is known that, for
the completion of a K x K matrix with rank r, the number
of known entries should be at least L > r I log(X), in order
to guarantee full recovery [11, Section 5].

One important characteristic of our problem formulation
is the fact that the correlation matrices, R(t) and G(¢), are
adaptively constructed based on the rank-one sample-based
updates, i.e.

(25)

R(t) = pR(t—1)+Cg(t)
G(t) = pG(t-1)+Cc(t)

where p is the weighting parameter. Thus, MC algorithms are
significantly favored, given that there is a proper sub-sampling
of its entries. Specifically, the minimum number of known
entries equals to L > K log(K).

In our case, the MC problem can be formulated as follows,

(26)
@7

1
n%én §||X||% subject to Zo(X) = Zo(Cr(t))
rank(Cg(t)) =1 and Cg(t) = 0

(28a)
(28b)

1. fori=1,..., 4 do

2:  Compute the maximum eigenvector u; and eigenvalue
A; via EVD operation.

3: X; = )\iuiuZH

4: Y. =Y,_1+ 6IQ(CR(t) = Xz)

5: end for

for the R(t) and respectively for the G(t). However, the
rank constraint makes the problem non-convex. To deal with
the non-convexity of the problem (28a)-(28b), we impose the
rank-one and semi-definite properties to the solution of the
unconstrained problem (28a).

We observe that the problem (28a) is equivalent to (24)
with 7 = 0, thus, the SVT operation is simplified to the
SVD. Specifically, for the case of 7 = 0, the SVT operation
is expressed as

Do(Yi1) = U; B, VA (29)

where U,;, V; are the orthonormal SVD matrices and 33; is
the diagonal matrix with the singular values in decreasing
ordering. Note that, since R(t) and Y; are Hermitian symmet-
ric matrices, the SVD operation is essentially the eigenvalue
decomposition (EVD).

Now, in order to impose the constraints (28b), after the EVD
operation we have the following step,

X, = Awul? (30)

where u; is the first column of U; and \; = af that are
provided by (29). Subsequently, Y; is updated as follows,

Y; =Y, 1 + 0T(Cr(t) — X,) 31)

where we have assumed that the parameter § is independent
of the iteration index, ie. §; = 0.

After a number of iterations I,,,, Algorithm 2 will have
converged to the solution, i.e. Cgr(t) = Xy,,., (and Cg(t) =
XT1,... respectively). Therefore, the rank-one update matrices
can be added to the previously estimated correlation matrices,

based on (26)-(27).

B. Computation of the beamforming vector

To proceed, recall that, the derivation of the optimal beam-
forming vector based on (6), requires the computation of the
maximum eigenvector of the matrix

(ail + C—‘.(t)) TR,

Note that, after the termination of the Algorithm 2, the
correlation matrices G(t) and R(t) can be expressed based
on the eigendecomposition of the matrices Cg(t) and X (t)
respectively, i.e.

G(t) = pG(t — 1) + Ag(t)ug(t)uc(t)”
R(t) = pR(t — 1) + Ar(t)ug(t)ur(t)”

(32)
(33)
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and equivalently, G(t) and R(t)as

G(t) = D™V2()G(t)D /2 (¢) (34)
=pG(t— 1)+ Aae(Wict)ic®)” 35
R(t) = D72 (t)R(H)D~/2(t) (36)
= Zpt "ag(n uR(n)H 37

where i (t) = D(t)~/?ug(t) and uR( ) =D(t)"?ug(t).

Hence, the inverse of the matrix I'(t) £ 021 + G(t) can be

simplified based on the inversion lemma as follows,
(Dt - 1) + GG () =T (=D (0)"

L t—Dic(t ~
Hﬁg(;)r 3@_(1))&6@) and T'(t—1) = G(t—1)
and T'(0) = o, 1. Therefore, the computation of the matrix
inverse I'"1(t) at the t-th time instant, can be obtained very
efficiently (i.e. with O(K?) complexity cost), given that matrix
I'~!(t — 1) has already been computed.

Based on (38), the optimal beamforming vector is obtained
by the estimation of the maximum eigenvector of the matrix
T~ !1(#)R(t). From the characteristic equation of this matrix
we have,

THR(Mg = g =T 2ORGOTV2 (0§ =2a (39)

(3%)

where v(t) £

where A and q are the eigenvalue and the correspond-
ing eigenvector, while § = T'~/2(t)q. From the eigen-
decomposition of the matrix R(t) in (37), we have that
C-12ROTV2(t) = Y, pt"w(n)k(n)H, where

K(n) £ T2 (n)ig(n). (40)

We conclude that, at each time instant, the maximum eigenvec-
tor of the matrix Y%\, p' "k (n)k(n)" must be estimated,

{Zpt "k(n)k(n)" }

To solve (41), several efficient subspace tracking techniques
have been proposed in the literature, which are able to compute
the maximum eigenvector with O(K?) complexity cost.

The proposed approach which have been described in this
Section, is summarized by Algorithm 3.

Wopt (t (41)

IV. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
technique with respect to the convergence of the second-order
statistics and the optimal beamforming vector. We consider
a cooperative system of K relays, where only L relays
communicate directly with each other, based on the adjacency
set Q0. The involved nodes are employing binary phase-shift
keying (BPSK) modulation, with normalized transmission
power. The source and the destination nodes transmit in
orthogonal time-slots 7' = 10000 symbols with each one of
them at SN R = 15dB. Both the source-to-relays and relays-
to-destination channel gains are modelled as Gaussian random
variables, i.e. N'(0,1). The FC applies the proposed matrix

Algorithm 3 Distributed beamforming via matrix completion

1: fort=1,...do

2. Each relay receives yj(t) from the source, and yg(t)
from the destination.

3:  The relays communicate with each other, based on the
predefined communication network graph, in order to
compute the correlation quantities.

:  The correlation quantities are send to the FC.

5. The FC completes the rank-one matrices Cr(t) and
Cq(t) via Algorithm 2.

6:  The FC computes the optimal beamforming vector via

(41)
7: end for
Convergence curves in semi-log scale, K =10
wel I R ”‘ — L=K? (;II entries of R(t‘) are known) | |
— L =Klog(K) known entries of R(t)
101 — L =2Klog(K) known entries of R(t)

NMSE for R(t)

100k | — L=K? (all entries of G(t) are known) 7
- — L =Klog(K) known entries of G(t)
% 101 — L=Klog(K) known entries of G(t)
=
L
w
wn
=
z

; ; -
2000 3000 4000 5000

j
1000

Fig. 2. Convergence curves of the matrix completion algorithm (Algorithm
2) for the correlation matrices R(t) and G(t), with K = 10, J = 100,
Imaz = 150, p =1 and SNR = 15dB.

completion approach of Algorithm 2, during the interval of
the T' symbol periods in order to compute the corresponding
optimal beamforming vector. The simulation results have been
averaged for a number of 100 Monte-Carlo realizations, where
at each realization a new random connection graph G have
been generated. The weighting parameter was set to p = 1.

To evaluate the recovery procedure of the correlation matri-
ces R(t) and G(t), we make use of the normalized-mean-
square error (NMSE), which is defined as NMSE(t)

i Z =1 - f(t) where the supper j denotes the realization
index, while X(t) is the estimation of matrix C(t) for the j-th
realization.

Fig. 2 shows the NMSE convergence curves for the matrices
R(t) and G(t) versus the time ¢t. We consider two values for
L, which is the number of known entries for the correlation
matrices. The case with L = Klog(K), represents the
lower bound which guarantees the convergence of the matrix
completion algorithm (Algorithm 2). In this case, for K = 10,
we have that only 34% of the matrices’ entries are required
to be known at the FC, in order to achieve the performance
shown in Fig. 2. Note that, the steady-state performance of
the proposed technique converges to the optimal case, as the
value of L increases (i.e. the number of the connected relays),
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10! Convergence curves in semi-log scale, K =20

— L=K? (all entries of R(t) are known)
— L= log( ) known entries of R(t)
L =2Klog(K) known entries of R(t)
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| — L=Klog(K) known entries of G(t)
— L=Klog(K) known entries of G(t)

1000 1500

0 500

2000

Fig. 3. Convergence curves of the matrix completion algorithm (Algorithm
2) for the correlation matrices R(t) and G(t), with K = 20, J = 100,
Imaz = 150, p =1 and SNR = 15dB.

where the optimal case is when all the matrices’ entries are
known at the FC. For larger relay network sizes (I = 20), the
proposed technique exhibits similar performance, as shown in
Fig. 3.

The required number of iterations I,,,, for the convergence
of iterative algorithm (Algorithm 2) has been set to I,,,4, =
150 (according to [12]). The step size ¢ in (31), has been set to
a fixed value equal to one, i.e., it is independent of the iteration
index. Note that, from Theorem 4.2 [12] the convergence for
the completion problem is guaranteed provided that 0 < § < 2.

The reconstruction quality of the correlation matrices, has a
direct impact into the estimation of the beamforming weights.
This is shown in Fig. 4, where we compare the proposed
technique (Algorithm 3) with the case where all the entries
of the matrices are known at the FC. We observe that there
is a trade-off between the number of known entries L and
the performance of the proposed technique. However, for
L =2Klog(K) and SN R = 15dB, the beamforming weight
vector obtained by the proposed technique follows closely the
optimal case.

V. CONCLUSIONS

In this paper, we considered the problem of distributed
beamforming that is based on second order statistics. The
scenario of interference-limited inter-relay communication was
adopted. The relays, in order to determine the optimal beam-
forming vectors, need to cooperate with each other for the
estimation of appropriate channel correlation matrices. To
minimize the interference we model the relay-network as a
graph, where its edges represent the low SNR links. In this
case, only a limited number of interference-free correlation
quantities can be computed. We propose a technique which
overcomes the problem of the partial knowledge of the corre-
lation matrices via matrix completion. Furthermore, based on
the eigendecomposition of the covariance matrices, we show
that the computation of the optimum beamforming vector can
be obtained very efficiently.

101 Convergence curves in semi-log scale, K =10
: — all entries for each matrix are known
— L= log( ) (known entries for each matrix)
— L =2Klog(K) (known entries for each matrix)
10°

10

0 1000 2000 3000 4000 5000

time ¢
Fig. 4. Convergence curves for thémgstimation of the beamforming vector
wopt (based on Algorithm 3), with K = 10, J = 100, Ijnae = 150, p =1
and SNR = 15dB.
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