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Abstract—This paper proposes an energy efficient millimeter
wave (mmWave) hybrid multiple-input multiple-output (MIMO)
beamformer with low resolution digital to analog converters
(DACs) at the transmitter. We consider the case where all DACs
have the same sampling resolution for each radio frequency (RF)
chain and select the best subset of the active RF chains and
the DAC resolution. A novel technique based on the Dinkelbach
method and subset selection optimization is proposed to maximize
the energy efficiency (EE) given a predefined power budget for
transmission. We also implement an exhaustive search approach
to serve as an upper bound on the EE performance and show
the performance trade-offs. The simulation results verify that
the proposed technique exhibits EE performance similar to
the optimal exhaustive search technique while requiring lower
computational complexity.

Index Terms—energy efficiency maximization, low resolution
DACs, mmWave MIMO, hybrid beamforming.

I. INTRODUCTION

Millimeter Wave (mmWave) technology can meet the needs
of the fifth generation (5G) wireless communication systems
and provide improved rate and capacity [1], [2]. The higher
path loss associated with moving up in frequency from widely
used cellular microwave bands can be compensated using
large-scale antennas. The use of both antenna arrays and wide
bandwidth frequencies at mmWave multiple-input multiple-
output (MIMO) systems make it hard to implement one radio
frequency (RF) chain and associated digital-to-analog/analog-
to-digital converter (DAC/ADC) components per antenna [3].
The analog/digital hybrid beamforming architectures reduce
the hardware complexity through fewer RF chains and support
multi-stream communication with good capacity performance
[4]-[6]. Moreover, implementing low resolution quantization
in hybrid MIMO systems further improves the energy effi-
ciency (EE) of such systems [3].

The existing literature mostly discusses low resolution
DACs/ADCs with a large or full number of RF chains or
full or high resolution sampling with a small number of RF
chains. As the power consumption of DACs/ADCs increases
exponentially with the number of bits, to further reduce the
power consumption one can consider a combined analog and
digital hybrid structure with small number of RF chains and
low resolution DACs/ADCs. A hybrid beamforming system
with low resolution sampling has been analyzed for channel
estimation in [7]. To observe the effect of low resolution
ADCs, an additive quantization model (AQNM) is considered
in [8] for the case of a point-to-point mmWave MIMO system

and [9] for the case of mmWave fading channels. Reference
[10] assumes fully digital precoding at the transmitter, and
baseband and RF combining with low resolution sampling at
the receiver. Reference [11] works on the idea of a mixed-ADC
architecture where a better energy-rate trade off is achieved
with the use of a combination of low and high resolution ADCs
than using only full resolution or low resolution systems. Most
of the literature studies the use of low resolution sampling
only at the receiver side, assuming fully digital or hybrid
transmitters with high resolution DACs. Given the use of wide
bandwidths in typical mmWave systems at the transmitter,
employing low resolution DACs at transmitters can help to
reduce the power consumption. So EE approaches that are
mainly focused on ADCs at receiver can also be applied to the
DAC:s at transmitter considering the transmitter specific system
model parameters. Reference [12] uses low resolution DACs
which can be implemented to reduce the power consumption
for a hybrid MIMO architecture. Reference [13] employs low
resolution DACs at the base station for a narrowband multi-
user MIMO system. References [14], [15] consider the EE
optimization problem for hybrid transceivers but with full
resolution sampling at the DACs/ADCs.

Contributions: We consider a analog/digital hybrid transmit
beamformer with low resolution DACs. The analog and digital
parts are connected with a predefined number of RF chains
which can be in active or inactive state. Assuming that the
power consumption of the transmitter is determined mainly
by the DACs of the RF chains, deactivating specific RF
chains in an intelligent manner would increase the EE of the
beamformer. Therefore, in this paper, we derive an optimal
approach in terms of EE maximization, which selects the
best subset between the available RF chains. We implement
an iterative method to overcome the non-convexity of the
fractional programming optimization problem. The proposed
approach capitalizes from sparse-based subset selection tech-
niques to provide an efficient solution to the problem. We
also implement an exhaustive search approach (for example,
in [14]) which expresses the upper bound for EE maximization
and clearly shows the performance trade-offs.

Notation: A, a, and a denote a matrix, a vector, and a scalar,
respectively. The complex conjugate transpose, and transpose
of A are denoted as A" and A”; tr(A) and |A| represent
the trace and determinant of A, respectively; I represents
N x N identity matrix; X € C4*5 and X € R4*5 denote A x
B size X matrix with complex and real entries, respectively;
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CN(a,A) denotes a complex Gaussian vector having mean a
and covariance matrix A; [A]; denotes the k-th column of
matrix A and [A]y; is the matrix entry at the k-th row and
l-th column.

II. HYBRID MMWAVE MIMO
A. MmWave channel and system model

MmWave channels can be modeled by a narrowband clus-
tered channel model due to different channel settings such as
number of multipaths, amplitudes, etc., with N clusters and
Ny propagation paths in each cluster [3], [4]. Considering a
single-user mmWave system with Nt antennas at the transmit-
ter, transmitting N data streams to Nr antennas at receiver,
the mmWave channel matrix can be written as follows:

No Nray

H=>">" agar(o))ar(6})", (1)

i=1 [=1

where ay € CN(0,07 ;) is the gain term with o7 ; being
the average power of the i*" cluster. Furthermore, ar(¢!;) and
ag(¢l;) represent the normalized transmit and receive array
response vectors [3], where ¢f, and ¢!, denote the azimuth
angles of departure and arrival, respectively. We use uniform
linear array (ULA) antennas for simplicity and model the
antenna elements at the transmitter as ideal sectored elements
[16]. However, the proposed technique is not limited to this
setup and can be easily extended to the case of wideband
channels and uniform planar arrays.

B. Quantization Model

We consider the linear model approximation (AQNM) to
represent the introduced distortion of the quantization noise
[18]. Given that Q(-) denotes a uniform scalar quantizer then
for the scalar input s we have that,

Q(s) ~ bz + e, @)
where
§=1/1- ”T*/%—?b 3)

is the multiplicative distortion parameter for bit sampling
resolution equal to b and ¢ is the additive quantization noise
with € ~ CN(0,02) , where

oo = \/1 - 7”2/32—%\/7”2/32—% =5(1-0%). (@

C. System Model

In the analog and digital hybrid beamforming architecture,
the number of transmitter RF chains Ly is usually smaller than
the number of the transmitting antennas Nt, Lt < N, and
similarly for the receiver, the number of RF chains Lg < Ny
(the number of receiving antennas). After the RF or analog
precoding, each phase shifter is connected to all the antenna
elements. Fig. 1 shows the system setup.
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Fig. 1. A mmWave hybrid MIMO system with low resolution DACs.

Let x € CN+*1 is the normalized data vector, then based
on the AQNM the vector containing the complex output of all
the DACs can be expressed as:

Q(Fgpx) ~ 0Fppx + €, ®)

where Q(Fppx) € CL7%! and Fgp € CL7*N: is the baseband
part of transmit beamformer. The second term of (5) expresses
the additive quantization noise for all RF chains with € €
CN(0,0%1.,). This leads us to the following expression for
the transmitted signal, as seen at the output of the analog and
digital hybrid transmitter:

t = Frr (0Fppx + €) = dFrpFppx + Frre, (6)

where Fgp is the analog precoding matrix at the transmitter.
After the effect of the mmWave channel and the RF pro-
cessing at the receiver, the received signal is expressed as:

y = WHHt + WHn (7)
= W HFsFgg x + WHHFgre + WHn,  (8)
Her(L,0) n

where Hege(L, 0) is the effective channel which is a function
of the number of the RF chains Lt and the distortion 6,
W € CM*Ns jg the receiver combining matrix, 1 is the
combined effect of the Gaussian and quantization noise with
n ~ CN(0,R,), while R, is the combined noise covariance
matrix with,

R, (L1,0) = c?WHIHFeFEEHIW + 02WHW,  (9)

which is also a function of the number of the RF chains L
and the distortion ¢. Note that unlike what is common in the
existing literature, in this work we also take into account the
cross-terms of the noise covariance matrix R,,. We believe this
is a more realistic scenario since it can also incorporate system
impairments such as phase noise into the problem formulation.

III. ENERGY EFFICIENCY MAXIMIZATION

The EE of a point-to-point MIMO system is defined as the
ratio of the information rate and the total consumed power
[22]. Since these quantities depend on the distortion of the
DACs ¢ and the number of the RF chains L, EE is expressed
as

L
2 B(Lr,9) (bits/Joule).

EE(Lr,0) P d)

(10)
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Exploiting the linearity property of the quantization model in
(5), the information rate R(Lr,d) is expressed as:

1 .
R(Lr,0) = log, [Ty, + =R, HegHen| (bits/s/Hz), (1)

where the values of L1 and § will affect the noise covariance
matrix R, (L, d) and the effective channel Heg (L, 0).

Concerning the power consumption model, we consider that
the total power consumption P(Lr,d) is proportional to:

™3

1/2
2(1_52)> +NrPes | (W)

P(Lt,6) o< Lt | Poac (

(12)

where Ppac and Ps depend upon the DAC and phase-shifter
power consumption values, respectively.

Given the expressions (11) and (12), we can now define
the EE maximization problem as a fractional programming
problem:

arg rilTag( EE(Lrt,0) subject to P(Lt,0d) < Ppax, (13)
where Py 1S the maximum available power budget. Our goal,
by solving (13), is to obtain the number of RF chains and bit
resolution in an optimal manner. To obtain a solution to (13)
we have developed an iterative procedure that approximates
the initial fractional problem with a convex-concave optimiza-
tion, using Dinkelbach approximation [20] and subset selec-
tion. Dinkelbach approach makes an iterative approximation of
the fractional problem with a sequence of non-fractional but
constrained optimization ones. Although simpler, each one of
these problems is still non-convex. However, by decomposing
the contribution of each RF chain to the EE performance of
the system, we can employ subset selection methods which
minimize the number of the RF chains by solving an ¢
approximation to the non-convex problem.

Before proceeding with the description of the proposed
technique, we derive a technique based on exhaustive search
for EE maximization, which will serve as an upper bound for
comparison with the proposed method.

A. Upper Bound on EE via Exhaustive Search

To obtain an upper bound, we consider the case where
Lt = Nr. This simplifies the computation of the beamformers
at the receiver and the receiver, by using the singular value de-
composition of the channel (SVD). However, since we change
the number of the RF chains/antennas, the channel and its
SVD, has to be updated at each time. Specifically, an exhaus-
tive search approach is needed to obtain the optimum EE over
all possible values of (Lt,d) € {1,...,bmax} x{1,..., L}
For each set value (L, ), the singular value decomposition
(SVD) of the effective channel has to be obtained, i.e.,

Heq(Lr,6) = SUDVH, (14)

where U € CMe*Ne and V € CN™N1 are unitary matrices,
and 3 € RVeXNT jg a rectangular matrix of singular values
in decreasing order whose diagonal elements are non-negative

Algorithm 1: Brute-force approach

Input: b, H

Begin:

1.for b=1,..., bnax

2. Compute 6(b) based on (3)

3. for l,=1,..,Ng
4 Compute the SVD of Heg (I, d(b;)) based on (14)
5 Compute EE(l;, 6(b)) based on (11) and (12)

6. end

7. end

8.  Find the L and b°"* such as

EE(L", 5(b°PY)) > EE(l;,8(b)) V(b, 1)
Output: L"" and bP*

real numbers and whose non-diagonal elements are zero. We
assume that the rank of the channel is r.
Hence, the rate expression in (11) becomes:

52
R(Lt,6) =log, Iy, +

—IywH HypH
ﬁsR” W HFF"H"W|

L p——,
= log, |IN“+KR’7 ¥

s 52
=D log,(1+ R, u[EE"]0),  (5)
i=1 S

where R,, becomes a diagonal matrix with entries [R,]; =
o?[Z2H];; + o2, Based on (15), the rate expression is de-
composed into the singular values domain, thus, the number
of the rank r represents the virfual number of RF chains. So,
the goal here is to reduce the number of virtual RF chains
r, alongside with the distortion § which depends on the bit
resolution b.

Algorithm 1 shows the exhaustive search approach (similar
to [14]), called the Brute-force technique, thus, it provides
the solution to achieve the optimal number of RF chains and
the optimal number of associated DAC bits at each channel
realization. It makes a search of all the possible number of RF
chains/antennas, i.e., [y = {1,..., Nt} and over the available
bit resolution, i.e., b = 1,..., byax, Where by is the highest
achievable resolution. It then finds the best EE out of all the
efficiencies and chooses the corresponding optimal number of
active RF chains L and optimal resolution sampling b°P!
for the transmitter. This method provides the best possible
energy efficiency performance assuming that the SVD of H
is perfectly known at the transmitter.

B. Proposed Method

Let us now consider an optimal design where we seek the
sampling resolution for each DACs and the optimal number of
active RF chains Lt that will maximize the EE of the trans-
mitter. We consider a variable number of RF chains, i.e., by
using switches to activate/deactivate each one independently
[19], then the problem becomes:

arg m XR(S’(S)
S P(S,0)

subject to P(S,0) < Prax, (16)
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where S € {0, 1}£7*L7 is a diagonal binary matrix represent-
ing switches which activate or deactivate the RF chains. Hence,
the resulting optimization problem of (16) has two unknown
quantities to be recovered, the matrices S and . We transform
the problem into a subset selection based problem considering
sparse optimization and compressive sampling.

We consider the problem to be equivalent to finding only
a sparse selection vector, diag(S) € {0,1}£7*!, where each
unity value represents one active RF chain with a predefined
resolution, while the zero value represents an inactive RF
chain. It is important to note that based on the proposed
architecture, the optimization problem does not consider a
predefined number of active/inactive RF chains, but this quan-
tity is an optimization variable. Incorporating this selection
procedure into our formulation, the received signal y € CNs*1
at the baseband receiver is expressed as:

v = W HFgpSFppx + 7, (17)
where S € {0, 1}27*L7 s a diagonal selection matrix com-
posed by zeros and ones, with [S]ix € {0,1} and [S]y =
0 for k& # I; SWHHFrrSFgp is the effective channel
H.s € CN*Neo in this case, including hybrid transmitter
precoding and receiver combining and quantization distortion.
The parameter that we aim to optimize in (17) is now the
entries of the diagonal selection matrix S € {0, 1}27%L1, The
effective channel can be decomposed as:

Her = OW 7 HFppSFpg (18)
Lt
= [S]u[s W HF i [Fip]!
=1
Lt
= [Sluaib], (19)
=1

where bz £ [FgB]i € (CNSXl, a; £ [5R;%WHHFRFL S
CNs*1 and where [S];; € {0,1} determines the state of the
i-th RF chain. Based on (19), the received signal can be
equivalently expressed as the following measurement vector:

Lt
y=> [Sliai(b]x) + 7,

i=1

(20)

where 7 £ Sn whose noise covariance matrix can be ex-
pressed with respect to the selection matrix, i.e.,

R, = 0?WHHFpSFpp FELSFEEHIW + o2WHW.
(21)

The problem becomes equivalent with the estimation of S that
maximizes the EE of the hybrid precoder. It can be shown
that the rate and power equations for such scenario can be
expressed as:

Lt
1
R(S,§) = log, 1N<+E;[S]Ma{’aibibﬁ ; (22)

Algorithm 2: Proposed technique
Input: (O, H
Begin:
1.for b =1, ..., bnax
2. Compute Hegr( N, (D))

3. for m =1,2,..., I

4. Obtain S("™) by solving (25) given ("1,

5. Calculate R(S(™) §(™)) and P(S(™),§(m)).

6. Compute x(™) = R(S(™) 50/ P(S(m) 5(m)),
7. end

8. end

Output: Optimal L;°"" and b

and

Lt 1/2
P(8,6) Z[S]ii Ppac (2&\_/%;2)) + NpPps

i=1
(23)

™3

1/2

=Lt | Ppac (

(24)

The problem of maximizing EE (16) is a concave-convex
fractional problem and one solution method is the Dinkel-
bach approximation [20]. The Dinkelbach method is an it-
erative and parametric algorithm, where a sequence of eas-
ier problems converge to the global solution. Let x("™) =
R(S(™) 5(m)y/P(St™) §(M)) € R, for m = 1,2,..., Inaxs
where I, is the number of maximum iterations, then each
iteration step of Dinkelbach can be expressed as:

(m) (o (m)y & )
S(™ (5 )—argrglgg{R(S,(S) K P(s,a)}, (25)

where S is the set of diagonal matrices with the feasible
bit allocations which satisfy P(S,d) < Ppax. Algorithm 2
summarizes the Dinkelbach algorithm via the subset selection
approach where the optimal number of RF chains and associ-
ated sampling resolution is obtained.

Computational Complexity: It can be observed that
the Dinkelbach method via subset selection approach re-
quires complexity order of only by,O(L3) per iteration
and the Brute-force approach requires complexity order of
bmaxO(L2Nr). Since the number of the required iterations is
usually very small (as shown in Fig. 2) as F and W matrices
are required to be computed in Algorithm 1 and not Algorithm
2, the overall complexity of the Dinkelbach method via subset
selection approach is much less than the Brute-force approach.

IV. SIMULATION RESULTS

In this section, we evaluate the performance of the proposed
technique using computer simulation results. The simulations
are performed with MATLAB™ and all the results have been
averaged over 1,000 Monte-Carlo realizations.
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Fig. 2. Convergence of the proposed Dinkelbach method for different number
of transmitter antennas at SNR = 30 dB, Ng = 32, Lt = 32 and N = 8.
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w.r.t. transmit SNR (dB) at Nt = 64, Nr = 32, Lt = 32 and N = 8.

We set the following baseline parameters for simulation:
Nt = 64, Ng = 32, Lt = 32 (the number of available RF
chains), Ny = 8, Ng = 2, Ny = 10, and 02 ; = 1. The
azimuth angles of departure and arrival are computed with
uniformly distributed mean angles; each cluster follows a
Laplacian distribution with mean angles equal to zero. The
antenna elements in the ULA are spaced by distance d = /2.

Concerning the quantization model, since DACs have the
same sampling resolution for each RF chain the quantization
distortion parameter is the same for all DACs and the highest
bit resolution bn,x = 8. The typical values of power terms
for the power model in (12) of Section IIl are FPps = 10
mW, Ppac = 0.1 W and P.x = 1 W. We solve the sparse
approximation problem for the RF and baseband precoding
matrices Frp and Fgp using orthogonal matching pursuit
(OMP) [4], [6], and the combiner matrix W 1is the product
of 1/4/N; and first Ny columns of U matrix.

For comparison with the proposed Dinkelbach method via
subset selection solution, we have considered the digital beam-
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Fig. 4. Energy efficiency and spectral efficiency performance comparison

w.r.t. the number of transmitter antennas at SNR =5 dB, Nr = 32, Lt = 32
and Ny = 8.
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Fig. 5. Energy efficiency and spectral efficiency performance comparison
w.r.t. the number of receiver antennas at SNR = 5 dB, Nt = 64, Lt = 32
and Ny = 8.

forming architecture (Lt = Nt) with 8-bit DACs, which repre-
sents the optimum from the achievable spectral efficiency (SE)
perspective, combined analog and digital hybrid precoding
with Lt RF chains for 1-bit and 8-bit DACs, which represent
the lowest and the highest SE cases. We also compare with
the hybrid beamforming for Lt RF chains with a random
resolution selected for each DAC from the range [1,8]-bit,
and hybrid beamforming with the optimal number of active
RF chains L7” * and corresponding optimal sampling resolution
b°Pt obtained from the Brute-force approach.

Fig. 2 shows the convergence of the Dinkelbach method
based solution as proposed in Algorithm 2 to obtain the
optimal number of active RF chains and corresponding optimal
sampling resolution. It can be observed that the performance
curves based on the current EE & (step 6 of Algorithm 2) for
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different numbers of transmitter antennas increase with respect
to (w.r.t.) the number of iterations. The proposed solution
converges rapidly and needs only 2-3 iterations to converge,
and achieves an optimal solution at each realization.

It can be clearly observed from Fig. 3 that the proposed
solution achieves a similar EE performance w.r.t. signal-to-
noise ratio (SNR) as the Brute-force approach and outperforms
hybrid 1-bit and hybrid 8-bit quantized DACs, plus the hybrid
randomly selected resolution and digital beamforming with
full-bit (8-bit) quantization. For example, at 10 dB SNR,
EE for the proposed solution is approximating the Brute-
force solution performance, about 0.3 bits/Joule better than the
randomly selected resolution with hybrid beamforming, about
0.35 bits/Joule better than the hybrid 1-bit and about 0.38
bits/Joule better than the hybrid 8-bit and digital beamforming
baselines. The proposed solution also achieves SE perfor-
mance higher than the randomly selected and 1-bit quantiza-
tion baselines. Digital beamforming and 8-bit hybrid baselines
have the highest rate performance by using higher rate 8-
bit quantization. For example, at 0 dB SNR, the proposed
solution outperforms randomly selected quantization by about
7 bits/s/Hz, 1-bit hybrid by about 9 bits/s/Hz. Concerning
the lower SE performance of the proposed technique and the
Brute-Force approach, this is due to the fact that Brute-force
has no constraint in the overall power consumption.

Fig. 4 shows similar performance behavior when plotting
EE and SE w.r.t. the number of transmitter antennas at 5 dB
SNR. For example, for Nt = 80, the proposed solution has
performance close to the Brute-force approach, performs about
0.3 bits/Joule and about 7.5 bits/s/Hz better than the hybrid
randomly selected resolution baseline, about 0.35 bits/Joule
and 10 bits/s/Hz better than the 1-bit hybrid baseline. Fig. 5
plots the performance comparison of the proposed solution
with the baselines w.r.t. number of receiver antennas at 5 dB
SNR. Similar to above plots, it achieves high SE and has
almost the same EE performance as the Brute-force approach.

V. CONCLUSION

We consider a mmWave hybrid MIMO system with analog
and digital parts connected with fewer number of RF chains
than the transmitting antennas, while transmitter DACs operate
with low-resolution sampling. We consider the case where
all DACs have the same sampling resolution for each RF
chain and aim to optimize the number of active RF chains
and associated resolution of DACs. The proposed method
achieves similar EE performance with the upper bound of
the derived exhaustive search approach, while it exhibits
lower computational complexity and fast convergence. Future
work will include the optimization of energy efficiency with
different bit resolutions for every RF chain.
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