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ABSTRACT
Millimeter Wave (mmWave) massive Multiple Input Multi-
ple Output (MIMO) channel tracking is a challenging task
with Hybrid analog and digital BeamForming (HBF) re-
ception architectures. The wireless channel can only be
spatially sampled with directive analog beams, which re-
sults in lengthy training periods when beam codebooks are
large. In this paper, we capitalize on a recently proposed
HBF architecture enabling mmWave massive MIMO channel
estimation with short beam training overhead, and present a
matrix-completion-based channel tracking technique for time
correlated HBF receivers. The considered channel track-
ing problem is formulated as a constrained multi-objective
optimization problem incorporating the low rank and group-
sparse properties of the mmWave channel as well as a pop-
ular model for its time correlation. We present an efficient
algorithm for this estimation problem that is based on the
alternating direction method of multipliers. Comparisons
of the proposed approach over representative state-of-the-
art techniques showcase the relation between the channel
time correlation coefficient and the amount of beam training
needed for acceptable channel estimation performance.

Index Terms— Channel tracking, millimeter wave com-
munications, massive multiple-input multiple-output (MIMO),
alternating direction method of multipliers (ADMM).

1. INTRODUCTION

The millimeter Wave (mmWave) frequency band is one of the
key enablers for the highly demanding data rate requirements
of fifth Generation (5G), and beyond, wireless networks [1]
offering large communication bandwidths. The Hybrid ana-
log and digital BeamForming (HBF) transceiver architectures
[2] have been recently considered in the specifications of the
5G New Radio (NR) [3] and IEEE 802.11ay technologies
targeting tens of Gbit/s data rate mmWave communications.
This architecture is intended for cost and operationally feasi-
ble wideband mmWave massive Multiple Input Multiple Out-
put (MIMO) systems realizing directive communication ca-

pable to confront the high propagation losses in the involved
frequencies. However, the hardware limitations with large an-
tenna HBF receivers and the short coherence time of wide-
band mmWave massive MIMO channels render the reliable
and time efficient channel tracking a very challenging task.

The explicit estimation of mmWave massive MIMO
Channel State Information (CSI) from HBF receivers with
predefined sets of analog beams [4, 5, 6, 7] has been mainly
treated as a compressive sensing problem [8], where the Or-
thogonal Matching Pursuit (OMP) algorithm [9] was usually
adopted to recover the sparse channel gain vector. However,
the performance of the compressive-sensing-based CSI esti-
mation techniques is usually limited by the codebook design,
since beam dictionaries suffer from power leakage due to the
discretization of the Angle of Arrival (AoA) and Angle of De-
parture (AoD). In [10, 11, 12], the sparsity and low rank prop-
erties of mmWave MIMO channels were jointly exploited
for efficient CSI estimation. The matrix-completion-based
approach of [12] was very recently extended to wideband
channels in [13] using a modified HBF architecture for train-
ing measurements collection. Wideband mmWave MIMO
channels with frequency selectivity were also considered in
[7], where a CSI estimation technique exploiting channel’s
sparsity in both time and frequency domains was presented.

In this paper, we present a novel low overhead mmWave
massive MIMO channel tracking algorithm that is based on
the HBF receiver architecture proposed in [13]. We adopt a
time correlation model for the channel gain evolution and for-
mulate a novel constrained multi-objective optimization prob-
lem for CSI tracking that is efficiently solved via the Alternat-
ing Direction Method of Multipliers (ADMM).

2. SYSTEM AND CHANNEL MODELS

2.1. System Model

We assume single-carrier communication in a frame-by-
frame basis operating over mmWave multipath fading MIMO
channels, where the channel remains constant during each
frame but changes in a correlated manner from one frame
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to the following ones. Every frame consists of T training
symbols dedicated for CSI estimation, whereas the rest of
the frame is used for data communication. Obviously, a
large T facilitates improved CSI estimation, but leaves less
frame length for actual data communication. To estimate the
wideband mmWave MIMO channel between a NT-antenna
Transmitter (TX) and an intended HBF Receiver (RX) with
NR antenna elements attached to MR � NR Radio Fre-
quency (RF) chains, the TX utilizes the NT × 1 training
symbols’ vector s[t] for each slot t with t = 1, 2, . . . , T .
It can be shown [13] that the NR × T complex-valued re-
ceived training signal at the intended HBF reception node is
expressed as

Y ,
NT∑
k=1

H̃kΨk + N, (1)

where H̃k , [hk(1) hk(2) · · · hk(L)] ∈ CNR×L with hk(`)
being the k-th column of the `-th (with ` = 1, 2, . . . , L) de-
lay tap of the MIMO channel matrix H(`) ∈ CNR×NT . Each
(`, t)-th element of each L×T Toeplitz matrix Ψk is given by
[Ψk]`,t , sk[t−L−`+1], where the symbol sk[t] represents
the k-th element of the NT-element complex-valued training
vector s[t] at time slot t. Finally, N ∈ CNR×T in (1) is the
Additive White Gaussian Noise (AWGN) matrix with inde-
pendent and identically distributed entries each having zero
mean and variance σ2

n.

2.2. Channel Model

We consider the temporally correlated mmWave channel
model of [14, 15], where the gain, AoA, and AoD of the
channel at the n-th frame are obtained from the respective
ones of the channel at the (n − 1)-th frame. Specifically, we
consider that the n-th frame channel matrix for the `-th delay
tap can be expressed as

Hn(`) = AR(θn)diag{an(`)}AH
T (φn), (2)

where matrices AT (φn) ∈ CNT×Np and AR (θ) ∈ CNR×Np

are defined as

AT (φn) ,
[
AT ([φn]1) AT ([φn]2) · · · AT

(
[φn]Np

)]
,

(3a)
AR (θn) ,

[
AR ([θn]1) AR ([θn]2) · · · AR

(
[θn]Np

)]
.

(3b)
In the latter expressions, variable [φn]p ∈ [0, 2π] with p =
1, 2, . . . , Np denotes the p-th path’s AoD from TX at the n-th
frame and variable [θn]p ∈ [0, 2π] represents the p-th path’s
AoA at RX at the n-th frame. In addition, AT ([φn]p) ∈
CNT×1 and AR ([θn]p) ∈ CNR×1 are the array response
vectors at TX and RX, respectively (for uniform linear an-
tenna arrays, these vectors are given by [4, eq. (5)]). In (2),
an(`) ∈ CNp×1 includes the path channel gains at the n-th
frame and diag{an(`)} ∈ CNp×Np is a diagonal matrix with
an’s elements on its main diagonal.

We assume that the channel gains vector at each `-th delay
tap of each n-th frame follow the first-order Auto Regressive
(AR) model:

an(`) = ρan−1(`) + ρ̄β, (4)

where ρ ∈ [0, 1] denotes the time correlation coefficient and
ρ̄ ,

√
1− ρ2. The parameter ρ is given by the Jakes’ model

ρ = J0(2πfDTcoh) with J0(·) denoting the zeroth order
Bessel function of the first kind, fD being the maximum
Doppler frequency, and Tcoh is the channel coherence time.
Vector β ∈ CNp×1 has entries drawn from the Zero Mean
Complex Gaussian Distribution (ZMCGD) that are indepen-
dent from those in an−1(`). It is also assumed that the AoAs
and AoDs of the L propagation paths do not change between
different frames, i.e., ∀n holds φn = φ and θn = θ.

The latter assumptions can be alternatively incorporated
into the beamspace representation of the mmWave MIMO
channel [16]. To this end, Hn(`) in (2) is re-expressed as

Hn(`) = DRZn(`)DH
T , (5)

where DR ∈ CNR×NR and DT ∈ CNT×NT are uni-
tary matrices based on the discrete Fourier transform, and
Zn(`) ∈ CNR×NT includes the virtual channel gains of
Hn(`). Motivated by the low rank property of Hn(`),
we further assume that Zn(`) ∀` contains only few vir-
tual channel gains with high amplitude, i.e., it is a sparse
matrix. Its sparsity level depends on the angular discretiza-
tion in the beamspace representation of (5). Using the no-
tations H̄n , [Hn(1) Hn(2) · · · Hn(L)] ∈NR×LNT and
Z̄n , [Zn(1) Zn(2) · · · Zn(L)] ∈NR×LNT , (5) can be re-
expressed as H̄n = DRZ̄n(IL ⊗ DH

T ) with IL being the
L × L identity matrix and ⊗ represents the Kronecker prod-
uct. Based on AR model in (4), we further express Z̄n as

Z̄n = ρZ̄n−1 + ρ̄(ΩS ◦Un), (6)

where the real-valued NR × LNT matrix ΩS contains only
zeros and ones, and the NR × LNT matrix Un has elements
drawn from ZMCGD with variance σ2 resulting in small vari-
ations of the Z̄n’s entries compared to the Z̄n−1’s elements.
The Hadamard product ΩS ◦Un constraints the update of the
gains into specific areas in the two dimensional plane. The
first-order AR time correlation model in (6) represents a slow
time-varying channel, where the main propagation paths do
not change in number neither in terms of their AoAs/AoDs.

2.3. Post-Processed Received Training Signals

By substituting (6) into (5) and then in (1), the received train-
ing signals for the n-th frame at the NR antenna elements of
the intended HBF receiver for the considered time correlation
model can be expressed as

Yn = D̃R(ρZ̄n−1 + ρ̄(ΩS ◦Un))(IL ⊗DH
T )Ψ̄ + Nn

= ρỸn−1 + ρ̄D̃RŨnBn + Nn, (7)
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where Ψ̄ , [ΨT (1) ΨT (2) · · · ΨT (L)] ∈ CLNT×T with
Ψ(`) ∈ CT×NT is obtained by concatenating each `-th col-
umn from theNT matrices Ψk, Ỹn−1 , D̃RZ̄n−1Bn, Ũn ,
ΩS ◦ Un, Bn , (IL ⊗ DH

T )Ψ̄, and Nn ∈ CNT×T is the
AWGN matrix at the n-th frame distributed as in (1). Eq. (7)
uses the HBF reception architecture of [13], where D̃R ,
(We

RF)HDR, where the complex-valued NR × NR matrix
We

RF denotes the analog receive combiner (i.e., in the RF do-
main) with unit magnitude and quantized phase elements [13,
eq. (15)]. The latter signal is finally passed in the random spa-
tial sampling unit, whose output is given by RΩ,n , Ωn◦Yn,
where the NR× T matrix Ωn is composed of TMR ones and
T (NR −MR) zeros. The positions of Ωn’s unity elements
in each of its rows are randomly chosen in a uniform fashion
over the set {1, 2, . . . , NR}. Evidently, each column of RΩ,n

will have onlyMR non-zero rows out of itsNR in total, which
will be fed to the MR receive RF chains.

3. PROPOSED CHANNEL TRACKING ALGORITHM

We next present the proposed multi-objective problem formu-
lation for wideband mmWave MIMO channel tracking and its
designed ADMM-based optimum solution.

3.1. Problem formulation

We propose the following multi-objective mathematical for-
mulation for the considered channel tracking problem:

min
Ỹn,Ũn

τY ‖Ỹn‖∗ + τZ‖Ũn‖1

+
1

2
‖Ỹn − ρỸn−1 − ρ̄D̃RŨnBn‖2F

s.t. RΩ,n = Ω ◦ Ỹn, (8)

where τR = 1/‖RΩ,n‖2F and τZ = 1/‖D̃†RRΩ,nB†n‖2F are
the weighting factors, and (·)† denotes the matrix pseudo-
inverse operand. The term ‖Ỹn‖∗ in the cost function of
(8) enforces the low-rank property of the received training
signals matrix Ỹn, where from (7) holds Ỹn , ρỸn−1 +
ρ̄D̃RŨnBn. Additionally, the term ‖Ũn‖1 promotes a sparse
solution for Ũn. Finally, the last term in the cost function
takes in to account the AWGN at the n-th frame, by mini-
mizing the least-squares distance between the reconstructed
noiseless data matrix Ỹn and its updated version based on
the considered time correlation channel model in (6).

3.2. Solution via ADMM

The optimization problem in (8) describes a highly cou-
pled problem, thus, for it to be solved, the cost function has to
be decomposed into multiple simpler subproblems. To do so,
let us first introduce the following two auxiliary matrix vari-
ables Xn,Cn ∈ CNR×T . Using the latter definitions, (8) can

Algorithm 1 mmWave Massive MIMO Channel Tracking

Input: RΩ,n, Ωn, D̃R, Bn, τR, τZ , ρ, ρ̄, Ũn−1, Xn−1,
V

(1)
n−1, V

(2)
n−1, Cn−1, and Yn−1.

Output: Ũn, Xn, V
(1)
n , V

(2)
n , Cn, and Yn.

{Minimization of L in (10) over Ỹn}
1: Ỹn = SVTτY /γ(Xn−1 − 1

γV
(1)
n−1).

{Minimization of L in (10) over Xn}
2: Solve the following linear system of equations:NR∑

j=1

diag([Ω]j)
T ⊗Ejj + 2γITNR

xn =

vec(V
(1)
n−1 + γYn−1+RΩ,n+V

(2)
n−1+γCn−1

+γ(ρỸn−1+ρ̄D̃RŨn−1Bn))

with Ejj obtained from theNR×NR all-zero matrix after
inserting a unity value at its (j, j)-th position.

3: Reshape vector xn to matrix Xn, i.e., Xn = unvec(xn).
{Minimization of L in (10) over Ũn}

4: ξ = (BT
n ⊗ D̃R)−1vec(Xn−Cn−1− 1

γV
(2)
n−1−γỸn−1).

5: Apply the following soft-thresholding operator:

ũn =sign(Re(ξ)) ◦max
(
|Re(ξ)| − τZ/γ, 0

)
+ sign(Im(ξ)) ◦max

(
|Im(ξ)| − τZ/γ, 0

)
.

6: Reshape vector ũn to matrix Ũn, i.e., Ũn = unvec(ũn).
{Minimization of L in (10) over Cn}

7: Cn = γ
1+γ

(
Xn − ρỸn−1 − ρ̄D̃RZ̃nBn − 1

γV
(2)
n−1

)
.

{Update the dual variables}

V(1)
n =V

(1)
n−1 + γ

(
Xn−Ỹn

)
,

V(2)
n =V

(2)
n−1+γ

(
Cn−Xn+ρỸn−1+ρ̄D̃RŨnB

)
.

be equivalently expressed as

min
Ỹn,Ũn,Xn,Cn

τR‖Ỹn‖∗+τZ‖Ũn‖1

+
1

2
‖Cn‖2F +

1

2
‖Ωn◦Xn−RΩ,n‖2F

s.t. Ỹn=Xn and Cn=Xn−ρỸn−1−ρ̄D̃RŨnBn. (9)

The latter problem can be solved via alternating minimiza-
tion over the four unknown variables, i.e., Ỹn, Ũn, Xn, and
Cn. In this paper, we employ ADMM and we first obtain the
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Lagrangian function of the optimization problem (9) as:

L(Ỹn, Ũn,Xn,Cn,V
(1)
n ,V(2)

n ) , τR‖Ỹn‖∗ + τZ‖Ũn‖1

+
1

2
‖Cn‖2F +

1

2
‖Ω ◦Xn −RΩ,n‖2F

+ tr((V(1)
n )H(Ỹn −Xn)) +

γ

2
‖Ỹn −Xn‖2F

+ tr((V(2)
n )H(Cn −Xn + ρỸn−1 + ρ̄D̃RŨn)Bn)

+
γ

2
‖Cn −Xn + ρỸn−1 + ρ̄D̃RŨnBn)‖2F , (10)

where V
(1)
n ∈ CNR×T and V

(2)
n ∈ CNR×T are dual variables

(the Lagrange multipliers) adding the constraints of (9) to the
cost function, and γ ∈ (0, 1) denotes ADMM’s stepsize. Due
to space limitations, we omit the details for the latter steps in
this paper, however, a similar procedure to [13] can be fol-
lowed. The basic steps of the proposed solution are summa-
rized in Algorithm 1. For the initialization at n = 0, we set:
Ỹ0 = Ũ0 = X0 = C0 = V

(1)
0 = V

(2)
0 = 0, and in Step 1,

the Singular Value Thresholding (SVT) operator [17] is used.

4. SIMULATION RESULTS AND DISCUSSION

In this section, we evaluate the performance of the proposed
channel tracking technique taking place on a communication
frame-by-frame basis. We consider an uplink scenario, where
a TX user is equipped with an antenna array of size NT = 4,
while the HBF RX base station has NR = 32 antennas. Al-
though these values can be considered moderate in size for
a massive MIMO scenario, upscaling the dimensions, while
keeping the same ratio between the antenna array sizes of the
TX and the RX is expected to give similar results. The num-
ber of the RF chains that connect the analog and digital HBF
components at the base station side is MR = 16. For the
frequency selective mmWave MIMO channel, we have con-
sidered L = 4 delay taps and Np = 2 propagation paths.

We first evaluate the Normalized Mean Squared Error
(NMSE) performance of the estimated beamspace matrix ˆ̄Zn

at the n-th frame, defined as NMSE , ‖Z̄n − ˆ̄Zn‖/‖Z̄n‖.
We compare our ADMM-based technique to a state-of-the-art
non-adaptive technique based on OMP [9], which exploits the
common sparsity pattern between consecutive training slots
within each frame. As a lower bound, we employ the OMP
technique with a long training sequence T = 80, whose per-
formance is determined by the AWGN level σ2

n. We have also
implemented the adaptive OMP-based approach “AdaOMP,”
which exploits only the estimated beamspace channel of the
previous frame. For OMP and AdaOMP techniques, we
have used the same T values as with our proposed one. In
Fig. 1(a), we perform a sanity check on the convergence of the
proposed technique with a short training sequence of T = 20,
considering the case where the channel does not change over
the frames, i.e., when ρ = 1. It is evident that the proposed
technique converges to the OMP performance with T = 80

0 50 100

Frame index

10
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10
0
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Proposed tracking technique AdaOMP OMP OMP long training

0 50 100

Frame index

10
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10
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S
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(b)(a)

(n) (n)

Fig. 1. NMSE performance vs the number of frames with
σ2
n = 0.3162 for ρ = 1 in (a) and ρ = 0.9 in (b).
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Fig. 2. Performance results with ρ = 0.9 and σ2
n = 0.3162

for (a) ASE vs the number of frames and (b) NMSE vs the
training length T .

after 50 frames. In Fig. 1(b), we consider time varying chan-
nels with ρ = 0.9 and set T = 40 for the proposed technique,
OMP, and AdaOMP. As shown, our technique remains capa-
ble to converge at an acceptable NMSE level after 50 frames.
However, OMP that does not exploit time correlation, and
AdaOMP that ignores the low rank of the received training
signals, result in poor performance.

In Fig. 2(a), we plot the Achievable Spectral Efficiency
(ASE) for the considered techniques, defined as: ASE ,
log2 |INR + 1

NTNR

1
σ2
n+NMSE Z̄nZ̄n|, considering time varying

channels with ρ = 0.9. It is depicted that after 50 frames,
there is only 7% loss in ASE between the proposed technique
with T = 20 and the non-adaptive OMP case with T = 80.
Finally, in Fig. 2(b), the NMSE is illustrated as a function of
T , and it is shown to improve with increasing T for all tech-
niques, converging to the performance of OMP with T = 80.
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